A novel approach is presented for the development of equations of state for chain molecules. The basic assumptions of the approach are supported by results of computer simulations of the chemical potential of athermal chains. Our model establishes a bridge between some elements of Wertheim's thermodynamic perturbation theory and the generalized Flory theory. New equations of state are presented for freely jointed tangent hard-sphere chains which are shown to be more accurate than other existing equations. Extensions of our approach are also presented for branched polymers and blends of polymers.
I. INTRODUCTION
The development of equations of state for polymer systems is of fundamental importance to many industrial applications; accurate equations of state are needed for systematic correlation and prediction of the equilibrium thermodynamic properties of polymer liquids and alloys. The complexity of realistic polymeric systems has so far thwarted direct attempts to develop a completely statistical-mechanically based equations of state. A simplified model, which has provided important insights into the physics of polymers is the freely jointed hard chain model. An accurate equation of state for athermal chains would facilitate the development of equations of state for more realistic models, by providing the properties of a well-defined reference system for subsequent implementation of perturbation theory. Such a need has long been recognized and in recent years a number of equations of state have been proposed to describe the volumetric properties of hard chains. [1] [2] [3] [4] [5] [6] [7] [8] Hall and co-workers 1,2 have developed the so-called generalized Flory ͑GF͒, Flory-Huggins, ͑GFH͒, and FloryDimer ͑GFD͒ theories based on the early models of Flory 9 and Huggins 10 for polymers on a lattice. The strategy of these theories consists of obtaining first a suitable, albeit approximate model for the probability of inserting a chain molecule into the system ͑insertion factor͒. This model is subsequently introduced into the osmotic equation of state, which rigorously relates the compressibility factor of the system to the insertion factor. In the GF and GFH theories, the insertion factor is estimated from knowledge of the insertion factor for a monomer into a monomer fluid; this result is then extrapolated to longer chains based on the concept of excluded volume. In the GFD theory, an improved estimate of the insertion probability is obtained by using approximate insertion factors derived from results for the monomer and dimer fluids.
The theory of associating fluids of Wertheim 3,4 provides an alternative route for the development of equations of state for chain fluids. This theory relies on applying thermodynamic perturbation theory ͑TPT͒ to a polymerization process which proceeds by ''bonding'' monomer sites. In this manner, the Helmholtz free energy of the polymer system is expressed in terms of the Helmholtz free energy of the monomer fluid plus a term that represents the bonding contribution to the free energy of the system. In the first order theory ͑TPT1͒, the bonding term requires only knowledge of the pair correlation function of the monomer fluid. The TPT1 theory, initially intended to describe a polydisperse system with an average chain length n, was shown to also be applicable to a monodisperse n-mer system in the context of the statistical associating fluid theory ͑SAFT͒ of Chapman et al. 5 An equation of state similar to that of the TPT1 theory has also been derived by Chiew. 6 Chiew's approach is based on the solution of a particle-particle Ornstein-Zernicke integral equation subject to a Percus-Yevick closure and to connectivity constraints consistent with the chain geometry.
While all of these equations are relatively accurate when compared to computer simulation results, they all exhibit systematic deviations at both low and high densities. Relative errors tend to be larger at low densities and become more pronounced as the chain length increases. 8, 11, 12 Several attempts have been made to improve the prediction of the theories mentioned above. A GF-trimer theory did not show any significant improvement over the GFD equation of state. 10 Second-order TPT approximations ͑TPT2͒, which require the triplet correlation function of the monomer fluid, have also been developed. 4, 13 These equations are more accurate than the TPT1 and GFD equations of state, but their behavior at low and high densities is still unsatisfactory. Recently, the TPT1 theory has been extended ͑TPT1-D and SAFTD͒ by including information about the dimer fluid ͑i.e., the pair correlation function͒. 7, 8 This approach has resulted in equations that are more accurate than those derived by second-order perturbation theory. Further, they have the advantage of requiring more easily accessible information.
In this work we explore the similarities between the GF, GFD, TPT1, TPTD, and SAFTD theories at the level of the free energy. A careful analysis of computer simulation results for the chemical potential allows us to clearly define the common assumptions underlying these theories. A more general class of equations of state is formulated and its use is exemplified by deriving an equation analogous to TPTD or SAFTD but having improved accuracy. While all available theories perform an ''extrapolation'' of the volumetric properties of short ͑reference͒ chains to chains of arbitrary length, we propose an alternative ''interpolation'' scheme in which the volumetric properties of an infinitely long chain are built into the equation of state. The advantages of this approach are discussed.
In the next section we give a few thermodynamic manipulations to establish the relationships between the compressibility factor and the chemical potential. We then review the generalized versions of the GFD theory ͑GF-rЈ͒ and TPT1-D theory ͑TPT1-r͒, which are in turn cast into chemical potential models. Subsequently, we present our more generalized equation of state and its applications for two particular reference fluid choices. Finally, we discuss some of the limitations and extensions of our approach to more complex systems such as mixtures of polymers or branched polymers.
II. THERMODYNAMIC BACKGROUND
Our starting point is the thermodynamic relationship between the pressure of a one-component system consisting of N, n-mer molecules and its Helmholtz free energy,
͑1͒
It is convenient to introduce the packing fraction, , as the integration variable ϭv n ϭ
where is the diameter of a monomer unit or site, v n is the molecular volume of each n-mer, and the site-number density. Equation ͑1͒ can then be rewritten as
where ␤ϭ(
An analogous equation can be written for the ideal gas ͑with Zϭ1͒. Such an equation is subtracted from Eq. ͑4͒ to obtain a relationship for the excess ͑or residual͒ Helmholtz free energy A E ͑real fluid property minus the ideal fluid value͒
The value of A E (0) will depend on the choice of the reference state. In our subsequent discussion, the ideal gas free energy includes contributions from intramolecular interac-
͑6͒
In that case we can set A E (0)ϭ0 in Eq. ͑5͒. The chemical potential is obtained from
Thus, given an equation of state, Eq. ͑8͒ allows us to compute the excess chemical potential at any given density. It is also desirable to express explicitly the compressibility factor as a function of the excess chemical potential. Equation ͑8͒ ͑premultiplied by ͒ can be differentiated and further simplified to give
Integration by parts within the limits ͓0,͔ gives
This equation can be immediately identified with the socalled ''osmotic equation of state'' 1 by recalling the relationship between the chemical potential and the insertion factor, p(n), which measures the probability of inserting a whole chain of length n into a fluid of n-mers at a given packing fraction :
The osmotic equation of state has been previously derived following different arguments by Dickman and Hall. 1 Equation ͑10͒ is particularly convenient when applied to mixtures, where the alternative approach becomes much more involved.
14,15 For mixtures we replace E in Eq. ͑10͒ by the excess molar Gibbs free energy g E of the mixture,
where N c is the number of components in the mixture, x i is the molar fraction of species i in the system, and E (n i ͉m) is the chemical potential associated with the insertion of a molecule of species i ͑of chain-length n i ͒ into the mixture m. Substituting E ͑mixture͒ into Eq. ͑10͒ we arrive at
By resorting to a suitable redefinition for the insertion factor, this equation translates to the alternate osmotic equation of state derived by Wichert and Hall 15 for a binary mixture ͑obtained through a simultaneous insertion of both species into the fluid͒.
III. THE GENERALIZED FLORY-(rЈ-MER) THEORY
The basic assumption invoked by the generalized theory of Honnell and Hall 2 is that the probability of inserting a j-mer into the n-mer fluid is approximately equal to p( j), which is the probability of inserting a j-mer into a j-mer fluid. This approximation is applied to two reference fluids jϭrЈϪ1 and jϭrЈ (rЈϽn). The relationship between the probability of adding a monomer to a growing chain of length k (rЈрkрn) and the probability of adding a monomer to the (rЈϪ1)-mer to form the rЈ-mer is estimated from
The exponent f accounts for the fact that the effective free volume required to insert the (kϩ1)th monomer can be different from that for the rЈth monomer,
where v e (rЈ) is the excluded volume of an rЈ-mer molecule.
The insertion factor for a whole n-mer molecule ͑into the n-mer fluid͒ is then estimated as the product of the probability of first inserting the (rЈϪ1)-mer, and the conditional probabilities ͓Eq. ͑13͔͒ of growing the chain from the (rЈϪ1)-mer to the n-mer ͑site by site͒. The resulting equation can be expressed as
where 
͑17͒
The constants required by Eq. ͑17͒ are given in Table I for various values of i.
IV. WERTHEIM'S TPT THEORY AND ITS VARIATIONS
Wertheim studied a graphical density expansion of the Helmholtz free energy for associating fluids modeled as hard spherical molecules with one or two ''sticky'' sites on their surface. In the limit of association, the spheres form chain molecules. Using thermodynamic perturbation theory, Wertheim showed that to first order ͑considering singleassociating-bond graphs only͒ the free energy of an n-mer fluid 4 ͑or a fluid with number average chain lengthϭn͒ 5 is given by
where A E (n) and A E (1) are the excess Helmholtz free energies of the chain and the monomer fluids, respectively, and g 1 () is the pair correlation function of the monomer fluid evaluated at the bond length and at the same packing fraction. The first term on the right-hand side of Eq. ͑18͒ represents the contribution to the free energy due to the unbonded fluid; the second term corresponds to the contribution ͑per-turbation͒ due to formation of bonds. The compressibility factor derived from Eq. ͑18͒ is therefore
The compressibility factor of the monomer fluid is related to g 1 () through the pressure equation
In the second-order version of Wertheim's theory ͑TPT2͒, a correction term is added to Eq. ͑18͒ by considering higher-order graphs containing two associating bonds, thereby yielding a more accurate equation of state. 4, 13 The correction required depends on the triplet correlation function of the hard sphere fluid. Given that additional empirical information has to be built into the model ͑i.e., the triplet correlation function͒ to improve TPT1, a number of alternative routes have been devised to arrive at more accurate equations of state while resorting to more easily accessible empirical information. 7, 8, 18 In the spirit of Honnell and Hall's theory, the TPT1 theory could be refined by incorporating information from the dimer fluid. Two such attempts have been recently presented by Ghonasgi and Chapman 7 and Chang and Sandler. 8 The equations of state derived by these authors are essentially identical, although the arguments and empirical models adopted by these authors are somewhat different. For brevity, we review the approach of Chang and Sandler only. These authors modified the equation for the free energy as follows:
where A 1 bond is the free energy change due to the formation of monomer-monomer bonds ͑nN/2 total bonds͒ and A 2 bond is the change in free energy produced by bonding the dimers until chains of length n are formed ͓(nϪ2)N/2 total bonds͔. Using the definition of a potential of mean force ͑͒ they write .
͑25͒
Chang and Sandler 8 compared their equation, TPT1-D, and TPT2 to computer simulation results for 4-mer, 8-mers, and 16-mers and found that TPT1-D is slightly superior to TPT2. As shown latter, a comparison of TPT1-D with the equation of Ghonasgi and Chapman ͑SAFTD͒ shows that both equations give comparable results, the latter being slightly more accurate.
V. GENERAL MODELS FOR THE CHEMICAL POTENTIAL AND EQUATIONS OF STATE
In the context of the GF-r theory, the equation for the insertion factor ͑12͒ can be translated into a relation of chemical potentials
Accurate estimates of v e (n) ͑required to evaluate Y n,r Ј ͒ could be found from (rЉϾ2)
2 v e ͑n͒ϭv e ͑rЉ͒ϩ͑nϪrЉ͓͒v e ͑rЉ͒Ϫv e ͑rЉϪ1͔͒. ͑27͒
To date, this relation has been extensively used with rЉϭ3. If we set rЈϭrЉ (rЈϾ2), Eqs. ͑15͒ and ͑27͒ yield Y n,r Ј ϭ n Ϫ rЈ, and if we introduce rϭrЈϪ1, Eq. ͑26͒ can be written as follows:
It is important to note that this equation is consistent with the GF-(rϩ1) theory but, since rϾ1, it cannot be reduced to the GFD theory.
In the context of the TPT1-r theory, Eq. ͑23͒ can be cast in terms of chemical potentials ͓by means of Eq. ͑8͔͒ as follows:
where we have defined
Equations ͑28͒ and ͑29͒ allow us to clearly compare the approximations underlying the GF-r and TPT1-r theories. Both theories basically invoke the following approximation:
In both cases the ''growing'' and ''appending'' processes should take place in the n-mer fluid. An additional approximation introduced by the theories is the use of a convenient reference host system for these processes in lieu of the n-mer fluid. The basic difference between the two theories resides in the manner in which they estimate the chemical potential associated with appending every monomer until an n-mer is completed:
͑34͒
In both cases '' E ͑append a monomer͒'' is assumed to be independent of the length of the growing chain. If we now introduce the approximation that bond
The GF-rЈ and TPT1-r are particular cases of Eq. ͑35͒ obtained by setting r*ϭrϩ1 or r*ϭ2r, respectively ͓pro-vided that, for the TPT1-r, E (r*) is computed from Eqs. ͑29͒ to ͑30͒ with n→r*͔.
Recently, we have reported accurate simulation results for the incremental chemical potential of hard chains at various densities. 21 Some of these results are given in Fig. 1 . It is shown that Eq. ͑32͒ is fairly accurate for rу2, i.e., the incremental chemical potential becomes essentially constant after the first three or four segments have been introduced. It is also shown that the values of ⌬ E ϭ E ͑append a monomer͒ are, to a good approximation, independent of the chain length of the system. The accuracy of these approximations varies slightly depending on the chain length and density of the system. Some general observations are in order.
͑1͒ Although greater accuracy can be achieved adopting a longer reference system to evaluate the '' E ͑grow r-mer͒'' term in Eq. ͑32͒ ͑provided that its properties are taken from an accurate equation of state͒, it is the '' E ͑append a monomer͒'' term which will largely determine the overall accuracy of the theory for large n. In estimating the latter term, a value of rу2 seems advisable. ͑2͒ As noted in various studies, 1,2,14 an important drawback of the assumption '' E ͑grow an r-mer in the n-mer fluid͒Ϸ E ͑grow an r-mer in the r-mer fluid͒'' is that the chemical potential is overestimated, particularly at low densities ͑in Fig. 1 , the relative differences between the curves is larger at ϭ0.10͒. The reason is that the local site density of the n-mer fluid is more heterogeneous than that of the r-mer fluid, which makes it easier to ''grow'' the r-mer in the n-mer fluid.
To evaluate the '' E ͑append a monomer͒'' term, we must invariably resort to some sort of numerical data ͑com-puter simulation results͒ and, pragmatically, the choice of the specific information employed is just a matter of convenience. The ''amount'' of empirical information required can, of course, be minimized by introducing further approximations into the model. However, the merits of such an approach are dubious because savings in empirical input often translate into a further loss of accuracy, even if the approximations introduced have solid, theoretical grounds. Three obvious sources of empirical data are.
͑1͒
Correlations of compressibility factors for homologous but ''shorter'' chain molecules. A variety of efficient simulation methods are available to calculate PVT properties of model fluids. For the case of freely jointed tangent hard-sphere chains a number of studies 8, 11, 12, 22, 23 have provided PV data for various chain lengths. In Table I we summarize a few correlations based on the reported data. The data has been fitted to model ͑17͒. ͑2͒ Correlations of structural properties such as the site correlation function of reference fluids ͓i.e., Eq. ͑19͔͒. ͑3͒ Free energy or chemical potential data. This is, of course, the most straightforward method to evaluate the required term.
The main reason why the chemical potential ''route'' has not been extensibly exploited in the past has probably been due to the difficulties encountered in computing chemical potentials using conventional simulation methods ͑particu-larly for dense, chainlike fluids͒. However, a new method that overcomes these difficulties has been recently developed. 21 Such a method will be even more relevant for the study of other intermolecular potential models for which PVT data are scarce.
VI. ALTERNATIVE EQUATIONS OF STATE
includes the GF-r and TPT1-r theories as particular cases, provided that a suitable translation of terms is carried out. For this purpose, we point out again that in the context of the TPT1-r theory ͑where r*ϭ2r͒, the Z(r) and Z(2r) terms required are not generally evaluated from a direct correlation of the PVT properties of the corresponding fluids. Instead, they are obtained via a recursive approach ͓Eqs. ͑29͒ and ͑30͔͒ in which kϭ1,2,. ..,r.
͑37͒
Correlations for Z(1) and g 1 (), g 2 (),...,g r () are therefore needed as an input for the model.
On the other hand, it has already been noted that the GFD does not fall into this scheme because Eq. ͑27͒, used to cast the GF-rЈ into our general model, is not accurate for rЉϭ2 ͑that is, rϭ1͒. This sole fact should suffice to explain why the GFD theory is more satisfactory than the plain TPT1 theory, which is obtained by setting rϭ1 and r*ϭ2 in Eq.
͑36͒.
We expect Eq. ͑36͒ to become more accurate for larger r* ͑closer to n͒. Therefore r*ϭrϩ1 seems cruder than r*ϭ2r ͑for fixed r͒. It has been noted before that an implementation of the GF-Trimer equation of state did not offer any conclusive advantages over the original GFD equation. 12 We have also explored the GF-Tetramer and found that the improvement achieved over the GFD equation is marginal ͑see Table III͒. A simple phenomenological interpretation can be provided by means of the following ''polymerization'' path ͑1͒ Begin with a system of (nN/r) r-mers at constant V ͑and T͒ at the equilibrium pressure P(r,). ͑2͒ (2N) r-mers polymerize to form N, 2r-mers in solution with the remaining (nN/rϪ2N) r-mers. At constant volume ͑constant ͒ the system experiences a pressure reduction of magnitude N⌬ P rϪr bond . ͑3͒ A new polymerization step is carried out, this time to form a blend of N, 3r-mers and the remaining r-mers. The observed pressure depression is now N⌬ P 2rϪr bond . ͑4͒ The process is repeated until all r-mers are depleted to form N, n-mers and the system reaches the pressure P(n,).
A. A dimer-tetramer equation
Equation ͑38͒ can be obtained for this process if we assume that the pressure depression ͑per bond͒ at each stage k, ⌬ P krϪr bond , is always the same ͑i.e., independent of k and the composition of the system at that point͒. The model, however, is essentially exact for nϭ2r because only one type of bond is formed; the bonding contribution to the pressure of the system is ⌬ P rϪr bond for every bond. This fact can be capitalized to estimate Z rϪr bond from Eq. ͑38͒ by setting nϭ2r; since it has been postulated that r should be at least equal to 2, the final equation of state takes the form
Equation ͑39͒ is consistent with Eq. ͑36͒ and constitutes, in essence, an alternative way of writing the TPT1-Dimer theory. Equation ͑39͒ has been implemented using the constants of Table I for the correlations of Z(2) and Z(4) as given by Eq. ͑17͒.
B. An interpolating equation of state
With the convention that nϾr, Eq. ͑36͒ basically provides an extrapolating formula whenever nϾr*. However, it could also be used as an interpolation formula if r*Ͼn. A convenient choice of reference fluid for this purpose would be a fluid of infinitely long chains, i.e., r*→r ϱ . If we postulate that it is the lack of chain ends that will determine the ''packing'' properties of the r ϱ -mer fluid, then its volumetric properties could be approximately obtained by simulating a sufficiently long polymer ͑or a ring͒. We have performed NPT simulations for systems of 600-mer and 3000-mer chains and found that the compressibility factors based on the monomer density, Z(n)/n, are essentially identical for both systems ͑within the statistical uncertainty͒. These results suggest that a limiting behavior has been attained for the compressibility of the system. Given the small number of chains employed for these calculations, our results ͑particu-larly those for configurational properties͒ could suffer from finite size effects. Note, however, that simulations on systems of smaller freely joined chains indicate that the total pressure of the system is relatively insensitive to the number of molecules employed in the calculation ͑as long as the total number of sites in the system is large enough͒. In Table II we present the results of NPT simulations performed on a single-chain system of 3000 beads. Since conventional NPT simulations become highly inefficient to generate volume fluctuations at high densities ͑Ͼ0.25͒, for dense packings we employed the slab-volume moves recently developed by us. 24 These results have been fitted to the following model:
where the reduced pressure of the system is given by P*ϭ/6 3 ␤P. For an r*-mer fluid we have P*/ϭZ(r*)/r* and, in the limit of r*→r ϱ , Eq. ͑36͒ takes the form Z͑n ͒ϭZ͑ r ͒ϩ͑ nϪr ͒ ͫ P*͑r ϱ ͒ ͬ .
͑41͒
This equation is expected to become increasingly accurate as n becomes larger. Since very long chains are of great practical interest, Eq. ͑41͒ should be particularly useful for practical applications. The equations of state for the monomer 16 and the dimer 17 are also included. It is observed that simulation data for any finite-size chain lies within the curves corresponding to the monomer and the r ϱ -mer fluid. The fact that all curves follow an analogous trend further supports the use of an extraor interpolation scheme such as that given by Eq. ͑36͒.
C. Comparative results
We have compared the predictions of Eqs. ͑39͒ and ͑41͒ with the computer simulations results of Chang and Sandler 8 for nϭ4, 8, 16 and our own simulation results for nϭ16, 32, and 51. 11 This comparison is summarized in Table III along with the corresponding results obtained using other equations of state. In most cases Eq. ͑39͒ gives the smallest average relative error, closely followed by Eq. ͑41͒ and the SAFTD equation. The results presented for Eq. ͑41͒ correspond to rϭ2 and as expected, the accuracy improves as n is increased; for 51-mers it gives better results than all other equations. The choice of r also affects the accuracy of Eq. ͑41͒; the overall average error ͑for all systems͒ is 1.8%, 1.1%, and 1.0% for rϭ1, 2, and 4, respectively. Our simulation results for the 32-mer system are plotted in Fig. 3 along with the predictions of Eq. ͑39͒. Excellent agreement between simulation data and Eq. ͑39͒ is observed for the entire range of densities. Table IV shows a detailed comparison of various equations of state for 32-mers. It is observed that, for all equations of state with the exception of Eq. ͑41͒, the larger relative deviations from the simulation occur in the low density range ͑Ͻ0.25͒. In fact, this qualitative trend of overpredicting the compressibility factor at low density is also observed for all the chain-length systems considered in Table III , the deviations being larger for longer chains. As explained earlier, this feature is the result of overestimating the chemical potential associated with approximating the n-mer host system by a shorter chain length system for the inserting and appending processes.
To explore in more detail the performance of the equations of state at low densities, we compare their corresponding second virial coefficients to the simulation data of Yethiraj et al. 26 For equations of state which can be reduced to the form given by Eq. ͑17͒ ͑having constants c 1 , c 2 , and c 3 dependent on n͒, the second virial coefficient is related to c 1 as follows:
For Eq. ͑36͒, with Z(r) and Z(r*) expressed as in Eq. ͑17͒, we can write For Eq. ͑39͒ ␣ 0 ϭ0.8965, ␣ 1 ϭ3.664 and for Eq. ͑41͒ (r ϭ2) ␣ 0 ϭ0.8126, ␣ 1 ϭ3.832. For the other equations constants ␣ 0 and ␣ 1 can be found elsewhere. 7, 8 Figure 4 shows that, overall, SAFTD and Eq. ͑41͒ give the best agreement with simulation, particularly for intermediate values of n. However, for small n SAFTD underestimates the second virial coefficient more than TPT1-D and Eq. ͑39͒. All equations, however, tend to overestimate B 2 for large n. Considering that the only difference between SAFTD and TPT1-D is the quality of the correlation fit adopted for g 2 (), it is rather surprising that their predictions of B 2 are so different. Further, for nϭ4 ͑when these two equations should be the very accurate͒, they predict B 2 inconsistently: TPT1-D overestimates the true value while SAFTD underestimates it significantly. The second virial coefficient, being a measure of the slope of the Z vs curve for →0, seems to be very sensitive to the correlation constants adopted in the different models ͓i.e., for Z(1), g 1 (), etc.͔ For Eq. ͑39͒, the constants c 1 for Z(2) and Z(4) could be modified concertedly to provide a better agreement with B 2 . Unfortunately, the scaling exponent of B 2 with chain length predicted by any equation of state of the form ͑36͒ ͓namely, Eq. ͑43͔͒ is incorrect. 18, 26 Such a functional form is therefore unable to describe exact B 2 data over a wide range of n. Incidentally, correlation ͑40͒ does not predict the correct value of B 2 expected for an infinitely long chain (B 2 ϭ0). Although alternative models for P*(r ϱ ) can be postulated to correct this, the predicted values of B 2 for short chains would become inaccurate ͓␣ 0 ϭ0 in Eq. ͑43͔͒. In practice, however, accurate B 2 values are valuable when dealing with low-density fluids, composed predominantly of relatively short chains. In this context, Eq. ͑41͒ ͓with correlation ͑40͔͒ provides a reasonable compromise ͑see Fig. 4͒ between accuracy and simplicity.
VII. EXTENSION TO MIXTURES
A convenient reference system for description of blends of homopolymer chains ͑where the components can have different segment sizes͒ is the mixture of monomers that results from breaking the chains of the original mixture. This is because the volumetric properties of monomer mixtures of arbitrary size are well represented by the Mansoori et al. equation of state. 27 It is therefore convenient to first rewrite Eq. ͑35͒ including the chemical potential of the monomers:
.
͑46͒
Equation ͑44͒ is now extended for component i of a mixture as follows:
where bond
and where E (n i ͉m) denotes the excess chemical potential associated with the insertion of an n i -mer into the real mixture m and E (r i ͉r) is the chemical potential associated with the insertion of an r i -mer into a reference mixture r. The reference mixtures denoted by r and r* could be the same system but, in any case, they should resemble the mixture of interest m ͑i.e., consistent in composition of site types, packing fraction, etc.͒ Substituting Eq. ͑47͒ into Eq. ͑12͒ we can write the resulting equation as follows:
where Z(1͉1) is the compressibility factor of the hypothetical mixture of monomer segments that results from breaking the chain bonds of the real mixture ͑which can be evaluated by using the Mansoori et al. equation of state, 27 and n is the molar average chain length.
In order to use Eq. ͑50͒ we need to know the insertion factors of r i -mers and r i *-mers into the corresponding reference fluids. Given the numerous degrees of freedom of an arbitrary mixture ͑molecular lengths, geometry, concentration, etc.͒, these requirements limit severely the applicability of the approach proposed in this work. Some additional approximations are necessary; the crudest simplification that can be made is to assume that bond (1 i ͉m) and bond (r i ͉m) are independent of the concentration and geometry of the molecules; in this case ͑which applies better to symmetric molecular systems such as freely jointed/tangent/equal-size hard sphere chains͒, from Eqs. ͑10͒, ͑48͒, ͑49͒, and ͑52͒ we can readily derive the approximations:
͑55͒
Equations ͑54͒ and ͑55͒ are expected to provide good results if the diameter of a given monomer unit is close to an average diameter for the system, , e.g.,
The diameter , a natural size-scaling parameter in the theory of hard-sphere mixtures, 27 is chosen here because it approaches i whenever the latter becomes the dominant length in the system. For true homonuclear chains Z(1͉1)ϭZ(1) and if the same reference fluids are used for all components, Eq. ͑50͒ with approximations ͑54͒ and ͑55͒ can then be simplified to ZϭZ͑r ͒ϩ n Ϫr r*Ϫr ͓Z͑ r*͒ϪZ͑r ͔͒. ͑57͒
Comparing Eqs. ͑57͒ and ͑36͒ it follows that the compressibility factor of a polydisperse mixture is equivalent to that of a monodisperse system of chain length n
This result has been shown before to hold ͑under certain conditions͒ for the GF theory 2,15 and in general for the TPT1 theory. 5 For systems with components of different-size monomers, the use of Eq. ͑50͒ is more involved. Other reference systems besides the hard-sphere mixture need to be studied or its properties must be estimated by introducing suitable assumptions. 6, 15, 28 Preliminary calculations for this type of systems using Eqs. ͑50͒ and ͑54͒ and ͑55͒ show that fair agreement is obtained with simulation data. However, larger deviations are observed when the difference in sizes of the monomeric units that make up the different chains becomes large ͑say Ͼ2͒. A simple correction to these results is described next.
In contrast to the uniform segment size case, another limiting case arises when a component has a monomer diameter negligible compared with that of the other monomers. The corresponding equation for Z bond can be estimated as follows. If 1 / 2 →0, the compressibility factor of a system of N 1 , n 1 -mers, and N 2 monomers as computed from Eq. 27 The resulting equation can be simplified to yield
Incidentally, the same result can be obtained by taking the appropriate limit of the corresponding expression for Z bond derived from the TPT1 theory for mixtures. Equation ͑55͒ provides a good estimate of Z bond for i / →1, while Eq. ͑59͒ is appropriate when i / →0; we therefore propose a simple interpolation scheme according to Table I for the monomer and the 8-mer͒, the GF theory as extended by Wichert and Hall 15 to mixtures, the TPT1 theory, and a recent extension of TPT1-D to mixtures. 29 Overall, Eqs. ͑50͒/ ͑60͒ and the TPT1-D theory of Chang and Sandler yield the best results. The conformal equation of state ͑58͒ and Eqs. ͑50͒/͑60͒ give more accurate results than the TPT1-D for chain/monomer mixtures of segments of equal diameter, much like in the case of homopolymer systems. As expected, the conformal mixing rule becomes increasingly inaccurate as the ratio of segment diameters of both components diverges from unity. In spite of the complicated algebra in- The results of simulations of mixtures for short chains or mixtures of short chains and monomer of uniform segment size seem to be well represented by most of the preceding equations of state ͑i.e., the conformal mixing rule͒. This is further confirmed in Fig. 5 which compares simulation data for a 50% volume 16-mer/monomer system 11 to the predictions of Eq. ͑58͒. Similar behavior is observed for predictions from the TPT1, TPT1-D, or Eqs. ͑50͒/͑60͒.
VIII. EXTENSION TO MORE COMPLEX SYSTEMS
The approach illustrated by Eqs. ͑50͒ and ͑60͒ of the previous section can be easily extended to the case of mixtures of heteronuclear, tangent or fused hard sphere chain systems ͑i.e., including copolymers͒. For this we only need to build into the model equations of state for suitable reference systems. For example, a number of equations of state for short fused chains with asymmetric sites have been proposed 28, 30, 31 which could be incorporated to the model. This issue is being examined in more detail to arrive at definite recommendations. Further, the study of molecular models described by soft intermolecular potentials could also be undertaken using our approach once the properties of the relevant reference systems have been generated. The TPT1 formalism or the GF theory in any of their variations are less flexible for application to more complex systems.
Branched polymers represent another important class of polymer systems. The intramolecular component of a branched-chain free energy will differ from that of a linear chain since the sampling space for inserting sites in the neighborhood of the branching points is restricted by steric hindrances. However, for purely repulsive chains, this intramolecular component does not directly affect the equation of state, i.e., any density-independent term of E cancels out when evaluating Z from Eq. ͑10͒. Branching will significantly affect the packing properties of the system when sites of different sizes are part of the same chain or if rigid constraints are associated to branching points. The shielding of branching points and the prevalence of more compact molecular arrangements also affect the pressure of the system. All these effects are basically a result of intermolecular interactions.
Let us consider branched/tangent/equal-size hard-sphere chains with 3-arm branching points located far enough from each other so that sites on different branches are uncorrelated. We can assume that the E ͑append a monomer͒ term of Eq. ͑32͒ is uniform throughout the chain, except for the first sites branching from the main chain section. The E ͑append a branch-monomer͒ term will differ from the usual E ͑append a monomer͒ by approximately ͓ E (rЈ-branch͒Ϫ E (rЈ)]/n sb , where rЈ branch is a ͑short͒ branched reference system with total sites equal to that of an rЈ-mer linear reference system and n sb is the number of sites in the lateral branches of r branch. A simple illustration can be implemented for the dimer-tetramer equation of state ͑39͒; if we correlate the compressibility factor for the isotetramer hard chain ͑4*͒, i.e., rЈϭ4, n sb ϭ1; we can then arrive at the following equation for an n-mer chain with n b branches:
Our simulations reveal, however, that Z(4*) does not differ appreciably from Z(4), thus Z(n,n b )ϳZ(n), i.e., the pressure of linear and branched polymers of equal number of sites at the same density is comparable. Simulation results for 3-arm star chains of 10 and 16 sites and 4-armed star chains of 13 and 21 sites ͑Yethiraj and Hall͒ 32 support the fact that the pressure of repulsive chain systems is not a strong function of the details of the molecular architecture. In Fig. 6 we show simulation data for the 3-arm chains and the predictions of Eq. ͑39͒ for the corresponding linear chains. It is observed that the agreement with previous simulation data 32 is very good except at the higher densities ͑ Ͼ0.30͒. Since such behavior is difficult to explain, we performed simulations for the 16-mer star system ͑using the ECCB method͒ 11 for Ͼ0.28. Our results are in better agreement with Eq. ͑39͒. Since our simulations rely on MC methods specifically designed to efficiently handle dense branched systems, we are inclined to believe that our simulation results are more accurate. We thereby conclude that no divergent trend occurs at high densities.
As discussed by Yethiraj and Hall 32 the effect of branching on the pressure of the system will be more pronounced for molecules with attractive interactions, in which case the approach illustrated by Eq. ͑61͒ can prove to be more useful. Such an approach can also be exploited when dealing with branched systems, where the branching points are modeled with rigid constraints or with dissimilar site sizes.
IX. CONCLUSIONS
In this work we have explored the connection between the GF-r and TPT1-r theories in order to formulate a more general model for the equation of state of freely jointed hardsphere chain molecules. The model is first expressed in terms of the chemical potential and its basic assumptions are justified in light of our recent simulations of the chemical potential.
From our general model, two alternative equations of state are proposed based on particular choices of the reference fluids: one is based on the dimer/tetramer fluids and the other on the dimer fluid and an infinitely long chain fluid. Both equations are shown to accurately reproduce simulation data for homopolymer hard-sphere systems for chain lengths ranging from nϭ3 up to 51. The performance of both equations is comparable, and they are more accurate than other available equations of state. It is also shown that the same general model for the equation of state is not capable of predicting the correct scaling exponent of the second virial coefficient with chain length. Nevertheless, the equations proposed in this work give good estimates of the second virial coefficient for short chains ͑i.e., nϽ25͒.
Our approach has been also extended to mixtures of homopolymer chains with components of arbitrary segment size. For the case of uniform segment size, the equation of state reduces to the conformal mixing rule. For the case of nonuniform segment size an equation is derived based on simple heuristic arguments. When compared to simulation data for a number of 8-mer/monomer systems, the equation proposed in this work is shown to provide results with accuracy comparable to that of equations of state derived from the TPT1 theory and superior to those derived from the GF theory for mixtures.
Other extensions of our approach to more complex systems are also discussed. In particular, the application to branched polymers is introduced; our derivations suggest that the pressure of typical, simple branched systems is comparable to that for linear chains with the same total number of sites per chain. This prediction is confirmed by simulation data for two star systems.
A number of simulations are currently under way to further test all the theories discussed in this work, particularly for complex systems consisting of highly asymmetric components and more elaborated models of branched polymers and copolymers.
